ABSTRACT: Mathematical modeling techniques have been applied to study various aspects of the ruminant, such as rumen function, postabsorptive metabolism, and product composition. This review focuses on advances made in modeling rumen fermentation and its associated rumen disorders, and energy and nutrient utilization and excretion with respect to environmental issues. Accurate prediction of fermentation stoichiometry has an impact on estimating the type of energyyielding substrate available to the animal, and the ratio of lipogenic to glucogenic VFA is an important determinant of methanogenesis. Recent advances in modeling VFA stoichiometry offer ways for dietary manipulation to shift the fermentation in favor of glucogenic VFA. Increasing energy to the animal by supplementing with starch can lead to health problems such as subacute rumen acidosis caused by rumen pH depression. Mathematical models have been developed to describe changes in rumen pH and rumen fermentation. Models that relate rumen temperature to rumen pH have also been developed and have the potential to aid in the diagnosis of subacute rumen acidosis. The effect of pH has been studied mechanistically, and in such models, fractional passage rate has a large impact on substrate degradation and microbial efficiency in the rumen and should be an important theme in future studies. The efficiency with which energy is utilized by ruminants has been updated in recent studies. Mechanistic models of N utilization indicate that reducing dietary protein concentration, matching protein degradability to the microbial requirement, and increasing the energy status of the animal will reduce the output of N as waste. Recent mechanistic P models calculate the P requirement by taking into account P recycled through saliva and endogenous losses. Mechanistic P models suggest reducing current P amounts for lactating dairy cattle to at least 0.35% P in the diet, with a potential reduction of up to 1.3 kt/yr. A model that integrates nutrient utilization and health has great potential benefit for ruminant nutrition research. Finally, whole-animal or farm level models are discussed. An example that used a multiple-criteria decision-making framework is reviewed, and the approach is considered to be appropriate in dealing with the multidimensional nature of agricultural systems and can be applied to assist the decision process in cattle operations.
INTRODUCTION
Ruminants account for almost all of the milk and one-third of the meat production worldwide (FAO, 2007) . The widespread application of advanced breeding and feeding technologies had a major effect on the improved production of ruminants. Additionally, data are being generated at a rapidly increasing rate because of advances in technology, computing, and engineering. As qualitative knowledge increased, it became possible to develop quantitative approaches to further our understanding of biological systems and to integrate various aspects of nutrient utilization. Initially, this was achieved by complex statistical analyses, but in recent years, dynamic mathematical models have been used not only to summarize existing data, but also to show where gaps in knowledge exist and where further re-search should focus (Dijkstra et al., 2005a) . A search of all manuscripts published in the Journal of Animal Science with the key word of "modeling" revealed that nearly 50% of the 616 papers were published after the year 2000. No modeling manuscripts were found before 1970, and the proportion of total modeling papers to date increased from 3.2% in the 1970s to 17.0% in the 1980s and to 31.5% in the 1990s.
Various modeling approaches have been applied to study nutrient utilization in ruminants. These range from statistics, and in particular, meta-analysis, to operational research for the study of complex decisionmaking problems concerned with the best utilization of limited resources, and to applied mathematics using theories of mass conservation and thermodynamics . The primary objective of this review is to summarize advances made through mathematical methods in understanding the underlying concepts of ruminant nutrient utilization at various levels of organization. Advances in rumen fermentation, including rumen health issues, and in energy and nutrient utilization and excretion in ruminants using studies that have utilized empirical and mechanistic approaches are discussed.
RUMEN FERMENTATION

Fermentation of Substrates for Energy
Carbohydrate and protein digestion in the rumen, and starch and fat digestion in the intestine deliver most of the energy used by the ruminant. Dietary carbohydrates, such as cellulose, hemicelluloses, pectin, starch, and soluble sugars, are the main sources of energy and are degraded in the rumen by microorganisms to hexoses and pentoses before being fermented to VFA. In ruminants, VFA can contribute up to 70% of the caloric requirement (Bergman, 1990) . Acetate, propionate, and butyrate account for more than 95% of VFA produced, and the molar proportions of these VFA have implications for energy utilization. Therefore, the fermentation stoichiometry of distinct substrates must be known. Murphy et al. (1982) made an important attempt to derive the coefficients that describe this stoichiometry by using a modeling approach. These coefficient values were considered generally applicable (Baldwin, 1995) and have been used in several mechanistic rumen models (Baldwin et al., 1987; Dijkstra et al., 1992) . However, it has been shown that the prediction of VFA molar proportions in rumen fluid of high-yielding dairy cows by these models is inaccurate (Bannink et al., 1997c) . Subsequent simulation studies (Bannink et al., 1997b) demonstrated that this inaccuracy is most likely caused by an inadequate representation of the stoichiometry of VFA production or the rate of VFA absorption. In an attempt to improve predictability, Bannink et al. (2006) used meta-analysis of data from lactating cows only to determine coefficient values that define the conversion of a specific substrate to a specific VFA. Such statistical models consider the fermentation pattern as affected by the composition of the microbial population, which is largely determined by the basal diet and by the rate of depolymerization of available substrate indirectly. has shown that rumen pH has an effect on the VFA profile produced from rapidly fermentable carbohydrates (Figure 1 ). Alternative representations to predict VFA in the rumen have been discussed recently by Dijkstra et al. (2008b) . The authors concluded that although inclusion by of pH as an explanatory factor has improved VFA prediction, further developments are still needed, preferably based on mechanisms that also include the protozoal contributions to VFA formation.
Methanogenesis
The ratio of lipogenic (mainly acetate and butyrate) and glucogenic (mainly propionate) VFA is an important determinant of methanogenesis in the rumen and hindgut. The largest biogenic source of methane (CH 4 ), a greenhouse gas that has up to 21 times more global warming potential than carbon dioxide, is enteric fermentation from ruminant animals (US EPA, 2006) . Methane production by ruminants not only is an environmental concern, but also is a loss of productivity, because CH 4 represents a loss of carbon, and therefore an unproductive use of dietary energy. Johnson and Johnson (1995) estimated that 2 to 12% of GE intake will be lost as CH 4 energy. However, CH 4 formation is essential in the rumen ecosystem because it keeps the hydrogen pressure low, favoring the growth and activity of many microorganisms.
Measurement of CH 4 production in animals requires complex and often expensive equipment; therefore, pre- diction equations are widely used to estimate CH 4 emissions. Some models have been developed specifically to predict CH 4 emissions from animals (Blaxter and Clapperton, 1965; Moe and Tyrrell, 1979; Mills et al., 2003; Ellis et al., 2007) and others have been either modified or adapted to estimate CH 4 emission from rumen fermentation (Dijkstra et al., 1992; Baldwin, 1995) . At present, mathematical models are used to estimate CH 4 emissions from enteric fermentation at a national and global level (see review by Kebreab et al., 2006a) . The Intergovernmental Panel on Climate Change publishes guidelines (IPCC, 2006) that are used for official estimates of CH 4 emissions. However, the accuracy of these models has been challenged (Kebreab et al., 2006b) .
Using the rumen model of Dijkstra et al. (1992) , Mills et al. (2001) added a mechanistic model of methanogenesis that also included CH 4 emissions from the hindgut. A comparison of models performed by Kebreab et al. (2008a) showed that mechanistic models were better than empirical ones in predicting CH 4 emissions from US cattle and were more suited to assessing the effectiveness of mitigation options implemented at a farm or national level. Bannink et al. (2005) developed an adapted version of the model of Mills et al. (2001) and evaluated the impact of rumen fermentation conditions (i.e., pH) on type of VFA and amount of CH 4 produced in the rumen of lactating cows. This version of the model has been used for estimating CH 4 emissions from dairy cows in the Dutch Inventory Report since the year 1990 ( Van der Maas et al., 2008) . Empirical models are applicable only within the range in which they were developed; therefore, further advances in modeling CH 4 emissions will probably result from a deepening of the mechanistic description of the underlying fermentation biology in the gastrointestinal tract of ruminants. To this end, Ellis et al. (2008) have reviewed and identified key aspects of rumen microbiology that could be incorporated or that could improve representation within a model of ruminant digestion and environmental emissions. Descriptions of rumen pH dynamics (discussed subsequently) and of protozoal dynamics are the main key elements, but explicit representation of protozoa in rumen models is scarce (Dijkstra, 1994) .
Acid Load in the Rumen
Rumen models (and experiments) have shown that feeding starch instead of structural carbohydrates favors the production of glucogenic VFA and reduces CH 4 emissions. However, overfeeding of starchy substrates, such as corn or wheat grains, to meet increased energy demands (e.g., during early lactation) may lead to a digestive disorder that affects health and productivity, commonly known as subacute ruminal acidosis (SARA). Various authors (e.g., Garrett et al., 1999) have described SARA as the accumulation of organic acids within the rumen, causing depressed ruminal pH below a critical range (i.e., pH 5.0 to 5.8) for several hours.
Empirical Modeling of Rumen Acid Load. AlZahal et al. (2007) used meta-analysis to evaluate various equations to describe pH curves collected from different experiments that used continuous rumen pH measurement. The authors reported that the logistic equation (Eq. 1) described curves constructed from pH data:
where y(x) is the time spent below cutoff point x (min/d); x is pH −5; and y 0 , y f , and k (all >0) are parameters that define the scale and shape of the curve. AlZahal et al. (2007) suggested that the degree of decline in pH can be described by a shift of the pH curve position toward the decreased pH range, hence, by greater values of the predicted time and area below most critical pH cutoff points. The authors also suggested that the shift can be identified by a decrease in the curve inflection point (x*, y*) and curve slope, calculated as follows: AlZahal et al. (2007) compared 3 concentrations of nonfiber carbohydrate in the diet (low, <37%; moderate, 37 to 39%; and high, ≥40% of DM). The authors reported that the inflection points for moderate and low nonfiber carbohydrate concentrations in the diet were 16 and 27% greater, respectively, compared with the diet with high concentrations of nonfiber carbohydrate. The authors argue that the approach allows comparison of pH data across studies and helps quantify dietary effects on rumen pH. Similarly, using a metaanalysis, Zebeli et al. (2008) showed that an increase in physically effective NDF (peNDF) up to 31.2% of dairy cattle dietary DM increased rumen pH to a plateau value of 6.27, after which no further increase in pH was achieved. However, the concentration of peNDF required to stabilize rumen pH and maintain milk fat content without compromising milk energy efficiency varied. The required peNDF increased quadratically with increases in concentration of rumen degradable starch from grains and with increases of DMI.
Subsequently, AlZahal et al. (2008) developed a predictive equation that might aid in the diagnosis of SARA by investigating the relationship between rumen pH and rumen temperature. Rumen pH and temperature were linearly associated within the range of 39 to 41°C, but the authors expected it to be nonlinear over extreme ranges of temperature and pH. The linear equation developed was pH = 16.9 − 0.29 temperature, r 2 = 0.77, n = 22, P = 0.002.
[3]
Although rumen temperature can predict minimum rumen pH and has the potential to be developed into a noninvasive diagnostic technique, its use in field situations depends on future development of a practical and cost-effective intraruminal wireless telemetry temperature-sensing device compared with pH sensors.
Mechanistic Modeling of Rumen Acid Load. Bannink (2007) and Bannink et al. (2008b) developed a mechanistic model that represents the mechanisms involved with the formation of VFA in the lumen of the reticulorumen, absorption of VFA across the reticulorumen wall, and the intraepithelial metabolism of VFA by reticulorumen epithelia. The effects of pH on VFA yields from some substrates, including starch, were included in the model and were based on in vivo rumen observations. The model assesses the effect of nutritional strategies on VFA metabolism and acid load of the rumen. Simulations showed that a reduction of pH from 6.3 to 5.7 had moderate effects on the absorption rates of VFA from the rumen and that the relative contribution of facilitated transport of VFA was reduced drastically with reduced pH. Bannink et al. (2008b) considered the rumen wall to play a key regulatory role by reacting to exposure of the rumen epithelia to acid load. A dynamic model was constructed that combines the representation of the absorption of VFA by the rumen wall and rumen wall adaptation to feeding strategy. They hypothesized that epithelial adaptation is evoked by the integration of the history of epithelia exposure to rumen VFA load. This memory function and the goal-directed adaptation of rumen epithelial tissue were represented by a dynamic modeling approach and a mechanism of negative feedback control. Simulations showed that a doubling of VFA production rate from 65 to 130 mol of VFA/d within 11 d postpartum resulted in 0 and 12% increases of rumen VFA concentrations after 10 and 20 d postpartum, respectively, similar to observed values. They concluded that the role of the rumen wall in preventing rumen contents from becoming too acidic during early lactation was more important than rumen pH in affecting VFA clearance. With respect to investigating the functionality of the rumen wall, Bannink et al. (2008a) recommended the use of genomics techniques in collecting more specific information on the genetic control and limits of the molecular mechanisms involved with epithelial adaptation and function. They argued that a systems biology approach is needed to analyze the meaning of such data and to identify the precise mechanisms involved with rumen adaptation. Such an effort should include a representation of changes in the rumen wall in response to nutritional strategies and the physiological state of the cow, as well as a representation of the intraluminal fermentation processes and conditions. The pH of rumen fluid is an important indicator of rumen fermentation conditions. Simulating the effects of rumen pH on the diverse microbial groups present in the rumen remains a challenge, but perhaps an even greater task is to model adequately the diurnal fluctuations in pH itself. This would require the representation of all causal factors, which include all relevant buffering mechanisms such as VFA production with microbial growth, VFA clearance with fluid outflow and absorption by the rumen wall (passive and facilitated transport), and saliva production.
Rumen Feed Degradability
Feed evaluation systems and mechanistic rumen models rely on degradation and passage kinetics. Therefore, accurate estimates of variables that drive degradation and passage are required. Several in vitro and in situ techniques have been developed to estimate the degradability of feedstuffs in the rumen and their digestion in the whole gastrointestinal tract, including batch culture digestibility with rumen microbial inocula or added enzymes and in situ methods. Regression equations are applied to predict in vivo digestibility from these in vitro or in situ methods (Dijkstra et al., 2005b) . Fathi Nasri et al. (2006) evaluated linear, negative exponential, and inverse polynomial models to describe DM and CP degradation kinetics. The authors reported that although there was no significant difference in predicting the extent of degradation, the linear and negative exponential models fit the data better when describing degradation kinetics. Lopez et al. (1999) showed that for analyzing in situ disappearance curves, sigmoidaltype models provided useful alternatives to the most commonly used negative exponential model. These sigmoidal models have the advantage of being versatile and able to cope with the changing shapes of disappearance profiles. They also represent the biological process in a more rational way than do nonsigmoidal models. However, the predicted extent of degradation was very similar among all models evaluated by Lopez et al. (1999) . Thus, in choice of the model, the ability to obtain good estimates of degradation parameters and the feasibility of each model of being incorporated into the feeding system of choice are likely more important than the accuracy of fitting.
More recently, rate of degradation of feeds has been studied by using gas production profiles obtained from manual or automated systems of in vitro fermentation of feeds, and their application to ruminant feed evaluation systems has been discussed by Dijkstra et al. (2005b) . Dhanoa et al. (2004) proposed a combination of statistical and mechanistic models to determine ruminal feed degradation based on a degradation profile using feces as the inoculum. France et al. (2005) developed a 3-pool general compartmental model for interpreting gas production profiles. The equations in the model permit the extent of ruminal degradation, and the supply of microbial protein to the duodenum, to be evaluated, thereby linking the gas production technique to animal production. Evaluation of the extent of degradation and the microbial protein supply relies on assumptions regarding fractional passage rate and microbial efficiency per unit of fermented substrate. These factors are unlikely to be constant, and calculations suffer from the same drawbacks as empirical systems. The equations are derived from first principles, and the potentially degradable feed fraction, undegradable feed fraction, and accumulated gases represent the underlying pools. In most cases, the models derived assume that substrate degradation follows first-order kinetics, resulting in nonlinear functions representing either diminishing returns (constant fractional degradation rate) or sigmoidal (fractional degradation rate that varies with time) behavior . Lopez et al. (2007) derived an alternative approach assuming that degradation can follow zero-order kinetics, and evaluated the resulting piecewise linear model with other nonlinear models. Although the model showed acceptable behavior, nonlinear models showed some superiority in terms of statistical goodness-of-fit, and the authors questioned the validity of the assumption of a constant degradation rate implied in the zero-order kinetics model. Ellis et al. (2005) considered various models for describing ruminal digestion of NDF based on the gamma distribution. The 2-pool, age-dependent, and gamma-distributed models were inferred to be superior when quality data were available, and the gamma-distributed age-constant model was superior when data quality was limited. However, gamma-distributed events can themselves be interpreted as simple compartmental schemes, as demonstrated by France et al. (1985) .
Much less recent attention has been given to modeling passage kinetics, although issues still remain, such as the nonavailability of models capable of resolving bimodal fecal marker excretion patterns (S. Lopez, University of Leon, Spain, personal communication). Experimental data on ruminal retention times are relatively scarce, yet accounting for retention time is a prerequisite for many feed evaluation systems (e.g., AFRC, 1993; NRC, 2001; Thomas, 2004) , and fractional passage rates are also key parameters in mechanistic models of rumen fermentation (e.g., Dijkstra et al., 1992) . Moreover, the fractional passage rate is a major determinant of microbial protein efficiency, as indicated by the classical microbial growth equations derived by Pirt (1975) and observed experimentally (e.g., Oba and Allen, 2003) . Fractional rate of growth of microbes is related to their fractional passage rate. A greater fractional rate of growth decreases the relative amount of substrate for maintenance purposes and increases efficiency. Even though the partitioning of energy into microbial growth and nongrowth functions has been mathematically well established, these are applied surprisingly little in empirical protein evaluation systems. Often external markers are used to estimate the passage dynamics of feed particles. However, external markers may restrict the digestibility of the particles they are linked to, they may bind preferentially to small particles, and they may migrate to rumen fluid. Internal markers based on stable isotopes do not suffer from these disadvantages . Fecal excretion of both external and internal markers can be described by using various models. Of these, the multicompartmental model of Dhanoa et al. (1985) has often been applied, and the results of this model based on fecal excretion patterns will yield estimates of the fractional passage rate from the slowest and second-slowest compartments. Fractional passage rates as applied in rumen models are usually based on estimates from regression equations, in which DMI and proportion of concentrate or roughage of the diet are independent variables. Recently, Seo et al. (2007) developed a mechanistic model to describe the physiological aspects of liquid dynamics in the rumen and to predict liquid flow out of the rumen quantitatively. These authors assumed the liquid flow through the reticuloomasal orifice to be coordinated with the frequency, duration, and amplitude of reticular contractions during eating, ruminating, or resting. Such a model helps to understand the factors that affect the liquid outflow dynamics. Given the impact of passage on ruminal degradation and microbial growth, quantitative knowledge of rates of nutrient passage out of the rumen should be an important theme in future research.
ENERGY AND NUTRIENT UTILIZATION AND EXCRETION
Energy Utilization
Determination of energy requirements in ruminants and the efficiency with which energy is utilized have traditionally been described by the NE and ME systems in North America and the United Kingdom, respectively (AFRC, 1993; NRC 2000 NRC , 2001 . The values of the key parameters in the NE and ME systems were determined largely by using linear regression methods to analyze energy balance data from calorimetry experiments. Kebreab et al. (2003) analyzed an extensive data set by using a meta-analytical approach and nonlinear regression modeling. Based on the best fit models, the average efficiencies of utilization of ME intake for milk production, BW gain, efficiency of utilization of tissue energy for milk production, and the maintenance energy requirement were 0.55, 0.83, 0.66, and 0.59 MJ/(kg •d) in the ME system, assuming the diet contains an ME:GE value of 0.6 (AFRC, 1993). The results of the analysis now make up the core values for the Feed into Milk system in the United Kingdom (Thomas, 2004) . However, in an independent evaluation of various energy evaluation systems in grass-based diets fed to dairy cattle, the Feed into Milk system, like the Agricultural and Food Research Council system, still predicted energy requirements for maintenance and milk production to be consistently less than actual energy supply . A mechanistic model based on those of Dijkstra et al. (1992 Dijkstra et al. ( , 1996a predicted glucogenic nutrients to limit the performance of dairy cattle on grass-based diets. The mechanistic model proved to be more accurate and precise than the energy systems evaluated.
Current NE and ME systems do not consider the fact that animals have a certain requirement for particular nutrients per se, rather than just a requirement for their energetic potential. If diets are balanced for the same amount of ME or NE but the supply of glucogenic, aminogenic, or lipogenic nutrients differs, the response of the animal can vary. In a series of studies, Van Knegsel et al. (2007a,c) evaluated the effect of isocaloric (NE basis, Dutch VEM system) diets with different concentrations of glucogenic or ketogenic nutrients in earlylactating dairy cattle (1 to 9 wk postpartum) by using indirect calorimetry in climate-respiration chambers. Cows fed the lipogenic diet had a greater milk fat production, and thus partitioned more energy to milk, than cows fed the glucogenic diet. Energy mobilized from body fat tended to be greater in the lipogenic group. In the glucogenic group, energy retention of body fat was positive from wk 8 postpartum, whereas in the lipogenic group energy retention of body fat was still negative at wk 9 postpartum. Cows fed the lipogenic diet had greater plasma NEFA and decreased insulin concentrations than cows fed the glucogenic diet. The effects of isocaloric lipogenic or glucogenic diets on milk yield, milk composition, and plasma concentrations were confirmed in a large-scale trial (i.e., 114 cows; Van Knegsel et al., 2007b) . Thus, cows fed the glucogenic diets evaluated have a reduced risk of metabolic disorders compared with cows fed lipogenic diets, although NE intake does not differ. Such results highlight various weaknesses of the current feed evaluation systems. Current energy and protein systems do not predict how production level and product composition will change in response to deliberate changes in feeding strategy. The amount of aggregation of these systems hampers the inclusion of new concepts and data that arise from experiments conducted at the organ, tissue, or cellular levels. To improve on current prediction schemes, new feeding systems need to be based on mechanisms that govern the response of animals to nutrients, by quantitatively describing metabolite supply in more detail than the current aggregated components .
N Utilization and Excretion
Nutritionists aim to maximize protein output in animal products, such as milk and meat. The overall efficiency of utilization of dietary N varied from 13 to 31% in various experiments measured by Kebreab et al. (2001b) , but 40 to 45% efficiency values are theoretically possible (Hvelplund and Madsen, 1995) . Increasing the efficiency of use of protein N by ruminants, leading to less N excretion, is becoming an environmental imperative in many countries (Castillo et al., 2001 ). There have been several attempts to formulate mathematical models to predict N utilization from cattle. The models can be classified into 2 principal groups: empirical (statistical) models that relate protein intake to N output directly and mechanistic models that attempt to simulate N utilization based on a mathematical description of rumen and postrumen fermentation and digestion biochemistry. Castillo et al. (2000) collated data from the literature and, through regression analysis, described the relationships between N intake and output in feces, urine, and milk. The authors reported that 72% of dietary N is excreted in manure. Kebreab et al. (2001b) further studied the relationship between N intake and the form in which N is excreted because urinary N has been shown to be a much more important determinant of ammonia and N 2 O emissions and of nitrate leaching than fecal N. The authors reported a nonlinear correlation between N intake and urinary N, and the model predicted that approximately 80% of dietary N consumed above 500 g of N/d would be excreted in urine. The efficiency of N utilization for milk protein synthesis decreased from 31.5% at 400 g of N/d to 26.1% at 550 g of N/d for a 600-kg lactating dairy cow.
Nitrogen utilization is affected by many factors, such as dietary N concentration, degradability, microbial community, and their interaction with other nutrients (Firkins and Reynolds, 2005) . Therefore, a mechanistic approach is necessary to improve the prediction of N utilization in cattle. Kebreab et al. (2002) developed a dynamic, process-based model that can predict the amount and form of N excreted by dairy cattle under various nutritional strategies, and they fitted predictions to observed values (Figure 2) . The 4-pool model took into account several variables that determine N utilization, and they reported that urine N was significantly affected by protein degradability and energy status of the animal. The authors showed that increasing the energy concentration from 8 to 11 MJ of fermentable ME/kg of DM could potentially reduce urine N excretion and, by extension, ammonia emissions by up to 25%. Similarly, the authors argued that reducing dietary protein concentration from 19% of DM to approximately 16% of DM could reduce ammonia emissions by 20% and reducing the degradability of protein to match the microbial requirement by 19%. Kebreab et al. (2004) went further by incorporating an N utilization module into the rumen model of Dijkstra et al. (1992) . The integrated model was able to take advantage of detailed microbial representation in the rumen, which improved the prediction of N utilization by a lactating dairy cow. This representation allowed the assessment of diet manipulation to improve N utilization and, as a consequence, to reduce environmental pollution caused by ammonia emissions and excess N excre-tion. Improvements in the area of N recycling, rumen and postrumen absorption processes, and AA-based N transformations with intermediary metabolism and productive functions of the animal would further advance the understanding and prediction of N utilization in ruminants.
P Utilization and Excretion
Phosphorus is an essential nutrient that has received attention for environmental reasons, such as depletion of finite inorganic P sources (e.g., dicalcium phosphate) and pollution of ponds and streams causing eutrophication. Therefore, optimizing P intake and understanding the factors affecting P utilization have environmental and economic benefits.
Quantitative aspects of P utilization in ruminants have been reviewed by Kebreab and Vitti (2005) and Kebreab et al. (2008c) . Empirical and mechanistic approaches have been used to model P utilization in ruminants. reported a positive linear relationship between P intake and excretion in feces. However, the slope of the linear relationship was a function of the energy status of the animal. Tracer-based mechanistic modeling, also referred to as kinetic modeling, has been an important method of understanding P metabolism in ruminants because a significant amount of P recycling (especially through saliva) occurs, which makes it difficult to determine P excretion from dietary sources without P labeling. Vitti et al. (2000) identified 4 pools that regulate P homeostasis in ruminants, and they numerically solved equations based on experimental data obtained using radiolabeled isotope tracer techniques. At low P intakes, bone and tissue mobilization represented a vital process to maintain P concentrations in blood. The model was also used to identify the minimum endogenous loss of P from the animal and the amount of P needed to be supplied to meet the requirement. Dias et al. (2006) revised the model of Vitti et al. (2000) and extended its use to study Ca flows in growing sheep. Investigations based on the model showed that Ca and P metabolism are closely related and imbalance of the minerals results in impaired P utilization (Dias et al., 2008) . The authors argued that the model developed for small ruminants could be extended to cattle because it would be costly to conduct tracer-based experiments in large ruminants. The derivation of values for maintenance P requirement and minimum endogenous P losses when using empirical models is possible only by extrapolating linear relationships, which are subject to error because of the lack of accountability for differences in the effi- ciency of utilization of P fed at low concentrations and the availability of other nutrients and energy.
Mechanistic models of P utilization have been either developed as a stand-alone (Hill et al., 2008) or incorporated into a larger model . The latter researchers developed a model containing 10 state variables representing P pools in the rumen, small intestine, large intestine, blood, and saliva, and incorporated it into the rumen model of Dijkstra et al. (1992) . Comparison of model predictions with measured values showed that mean fecal P excretion was within 8.7% of the observed mean. Inclusion of Ca metabolism and its interaction with P might increase the accuracy of prediction. Kebreab et al. (2008b) used the integrated model to assess the environmental and economic implications of reducing P pollution from dairy cows in Canada. Using the mechanistic model, the authors showed that producers could save up to CAN $20/cow per year by feeding 0.35% P, which, in many cases, means not supplementing the diet with inorganic P sources.
In constructing a dynamic, mechanistic model of P digestion and metabolism, Hill et al. (2008) took a slightly different approach to the model of Kebreab et al. (2004) because of different objectives. Hill et al. (2008) designed a model to investigate the composition of P in excreta, in particular the amounts of organic, inorganic, and phytate P. The model contained 5 state variables and 4 compartments, and a comparison of predicted against measured values showed that model prediction errors were within 20% of observed values. The authors indicated the need for additional data to derive parameters associated with the regulation of P absorption and bone P turnover because absorption appeared to be an important site of regulation. Representation of active and passive P transport across the intestinal wall would also advance understanding and prediction of P utilization. Thornley and France (2007) described different levels of organization in representing biological systems. Advances in whole-animal or farm level modeling include addition of methanogenesis, N, and P transactions into the mechanistic model of rumen function by Dijkstra et al. (1992) , which has been described earlier . Usually, models of fermentation and digestion assume a constant feed intake. However, cows do not eat continuously but in discrete bouts, both during grazing (e.g., Taweel et al., 2004) and in stable-fed situations (e.g., Abrahamse et al., 2008) . This intake behavior may have pronounced effects on the fermentation of substrates in the rumen. Among the major effects of a meal is the instantaneous decline in rumen pH, in particular if the diet is rich in rapidly fermentable carbohydrates. Baldwin (1995) integrated the physical concept of particle dynamics with the chemical transactions in his rumen model. He assumed that large particles are not subject to degradation or passage and are subject only to comminution. Thus, this representation will greatly affect the diurnal pattern of rumen pool sizes and flows to the duodenum, but its effect on the simulated average extent of degradation compared with continuous feed intake is likely to be small (Bannink et al., 1997a) . Collao-Saenz et al. (2005) adopted this representation as developed by Baldwin (1995) but included a representation of increased microbial death rate when substrate availability was decreased several hours after feeding. Moreover, rumen volume was assumed to be related to size of the meals and DM content. Chilibroste et al. (2008) included a representation of effect of chewing efficiency on the release rate of intracellular constituents in their rumen model. This release rate appears to be an important determinant of instantaneous substrate availability to rumen microorganisms, and therefore also determines the rumen pH and VFA diurnal patterns. However, quantitative data on release rates are scarce. Moreover, insufficient quantitative information on variation in fractional passage rates in meal-fed animals hampers further development of these models.
Nutrient Utilization at the Animal and Whole-Farm Levels
Nutrient digestion and utilization models for tropical cattle have been developed and adapted for regionspecific nutrient availability. Dijkstra et al. (1996a,b) constructed a model to predict nutrient supply to the animal from predefined dietary inputs, as a means of indicating pre-experimentally which combination of locally available ingredients was most likely to enhance animal performance. The mechanistic model comprised 11 state variables representing N-containing, carbohydrate, fatty acid, and microbial fractions, and 4 zero pools representing the nutrients available for absorption. The model was optimized for cattle fed sugarcanebased diets, and Kebreab et al. (2001a) compared model simulations with data observed in feeding trials. The authors were satisfied that the model predictions were close to observed values and, based on simulations, recommended supplementing the basal diet with Leucaena and rice bran to increase milk production. Subsequently, Chilibroste et al. (2001) and Rodrigues et al. (2002) adapted the model to evaluate supplements to enhance the nutrient supply and milk production of cattle fed diets based on ryegrass and elephant grass, respectively. Behera et al. (2005) also used the model to simulate milk production by dairy cows fed sugarcane top-based diets and other local supplements in India. Assis et al. (2008) reviewed advances in modeling sugarcane utilization by dairy cows in the tropics, describing the addition of a submodel to represent endogenous protein N and large intestine digestion, discontinuous feed intake, and extension to other forage diets.
Various linear programming (LP) approaches were used to develop a whole-farm level model to optimize resource utilization in small-scale dairy operations in several stages. First, Val-Arreola et al. (2004c) used LP and partial budgeting methods to optimize land use for forage production and nutrient availability, and to evaluate the economic impact of such changes in smallscale dairy systems. The model provided a solution for a better nutrient supply and for maintaining a greater stocking rate than the traditional strategy, and included utilizing a combination of forages such as alfalfa hay, corn silage, fresh ryegrass, and oat hay. Second, LP and Markov chain components were built to study the effect of calving interval on calving pattern and herd structure (Val-Arreola et al., 2004b) . The Markov chain model suggested adopting different reproduction strategies according to period of the year in which the cow was expected to calve. Third, they conducted an analysis of feeding strategies for small-scale dairy systems by using LP (Val-Arreola et al., 2005) . The study recommended an improvement in forage quality to increase efficiency, rather than increasing concentrate supplementation, as a viable strategy.
As part of optimizing nutrient utilization in the cow, Val-Arreola et al. (2004a) also considered 5 equations to describe the lactation curve. The authors used an extensive data set that was divided into small-scale and intensive systems and first, second, and third or greater parity to fit the equations. The equations described by Dijkstra et al. (1997; Eq. 4) consistently gave better predictions and because of its more mechanistic nature, the parameters lend themselves to physiological interpretations. Therefore, differences between systems and parity could be explained by variations in theoretical initial milk production at parturition (a), specific rates of secretory cell proliferation (b) and death (d), and specific rate of decay (c):
where Y is milk yield (kg/d) and t is time of lactation (d).
Finally, a multiple-criteria decision-making framework was considered to be appropriate in dealing with the multidimensional nature of agricultural systems and was applied to assist the decision process in smallscale dairy farms (Val-Arreola et al., 2006) . Goal programming and compromise programming were used to examine whether a single optimal solution or a set of nearly optimal solutions could better achieve the objectives. Both models provided information concerning how a forage shortage might be alleviated by modifying the calving period to match nutrient availability with requirements at each lactation stage, with a minimum reduction in milk production. The use of a multiple-criteria decision-making framework and dynamic programming techniques does allow more realistic representations than ordinary LP and offers better prediction in simulating whole-farm model interactions. Recommendations of management options or an evaluation of nutritional strategies under specific farming conditions requires realistic coefficients that are derived in an integrated manner.
SUMMARY AND CONCLUSIONS
In conclusion, empirical and mechanistic models have important applications in understanding rumen fermentation, and energy and nutrient utilization and excretion. In describing the relationships between nutrient intake and excretion, empirical models can be useful, particularly if input data are limited. However, as Dijkstra et al. (2007) pointed out, empirical models lack the biological basis necessary to evaluate mitigation strategies to reduce the excretion of waste, including N, P, and CH 4 , in an integrated manner. Such models may have little predictive value when comparing various feeding strategies. Examples include the Intergovernmental Panel on Climate Change (IPCC, 2006) Tier II models to quantify CH 4 emissions and the current protein evaluation systems to evaluate lowprotein diets to reduce N losses to the environment. Nutrient-based mechanistic models can address such issues (e.g., the Tier III model used by Van der Maas et al., 2008) . These models still need to be extended to include prediction of rumen health issues such as SARA and to predict and understand the effects of nutritional strategy on pH and, subsequently, on rumen function. Finally, as advances in mathematical and computing techniques offer powerful data-processing capabilities, construction of mechanistic models to understand and predict biological phenomena at the organ, animal, and farm levels should be actively encouraged.
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